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Abstract. Some properties of the g-Fourier-sine transform are studied and q- 
analogues of the Heisenberg uncertainty principle is derived for the q- Fourier-cosine 
transform studied in .5. and for the g-Fourier-sine transform. 



1. Introduction 

One of the basic principles in classical Fourier analysis is the impossibility to find 
a function / being arbitrarily well localized together with its Fourier transform /. 
There are many ways to get this statement precise. The most famous of them is 
the so called Heisenberg uncertainty principle, a consequence of Cauchy-Schwarz's 
inequality which states that for / £ L 2 (IR), 

(i) ( r x 2 1 f( X ) i 2 dx) ( r a 2 i /(a) i 2 d\) > \ ( r \ ^ 1 2 <& 
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with equality only if f(x) is almost everywhere equal to a constant multiple of e px 
for some p > 0. Here 

/(A) = — / f(x)e-™ x dx. 

In this paper we shall prove that similarly to the classical theory, a nonzero function 
and its g-Fourier (g-Fourier-cosine and g-Fourier-sine) transform cannot both be 
sharply localized. For this purpose we will prove a g-analogue of the Heisenberg 
uncertainly principle. This paper is organized as follows: in Section 2, we present 
some preliminaries results and notations that will be useful in the sequel. In Section 3, 
we study some g-harmonic results and state g-analogues of the Heisenberg uncertainly 
principle. 

2. NOTATIONS AND PRELIMINARIES 

Throughout this paper, we will fix q e]0, 1[ such that L ° 9 ^ Jl e Z . We recall 

Log{q) 

some usual notions and notations used in the g-theory (see and [T2j ). We refer 
to the book by G. Gasper and M. Rahmen [Hj, for the definitions, notations and 
properties of the g-shifted factorials and the g-hypergeometric functions. 



l 
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We note 

R q = {±q n : n G Z} and = {g" : ne Z}. 
We also denote 

(2) [x] q = 1=^, x G C 
and 

(3) W = - G N. 

The g-derivatives D q f and -D^"/ of a function / are given by 

(4) m = ZM^M, = /(^WM, 4/ ^ o, 

(D q f)(0) = f (0) and (D+/)(0) = <r7'(0) provided f (0) exists. 

The g- Jackson integrals from to a and from to oo are defined by (see [10] ) 



(5) 



ra 00 

/ f{x)d q x = (1 - q)a V f(aq n )q 
Jo n=0 



(6) / = (1 - ff ) £ /(g")g n , 

- 70 n=-oc 

provided the sums converge absolutely 

The q- Jackson integral in a generic interval [a, b] is given by (see [TO] ) 

rb rb ra 

(7) / f(x)d q x = / f(x)d q x - / f(x)d q x. 



The improper integral is defined in the following way (see [II]) 

/(*)<*,* = (1 - g) J2 f (t) X 

n=— oo ^ ' 

We remark that for n G Z, we have 

(9) / f(x)d q x = / f(x)d q x. 

Jo Jo 

The g-integration by parts is given for suitable functions / and g by 

rb rb 

(10) / g(x)D q f(x)d q x = f(b)g(b) - f(a)g(a) - / f(qx)D q g(x)d q x. 



Remark A second g-analogue of the integration by parts theorem is given for a 
suitable function / and g by (see |T3] ) 

(11) I g(x)D q f(x)d q x = f{b)g{q- l b) - f^g^a) - f f{x)D+g{x)d q x. 

J a J a 
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Proposition 1. The q-analogue of the integration theorem by change of variable 
for u{x) = ax 13 , a G C and (3 > is as follows 

pu(b) rb 

(12) / f{u)d q u = f{u{x))D iu(x)d ix. 



Ju{a) Ja « q ' 

Jackson [TO] denned the y-analogue of the Gamma function by 

(13) T q (x) = - qf- x , x ± 0, -1, -2, . . . . 

{g ; ?)oo 

It is well known that it satisfies 

(14) T 9 (x + 1) = [z],r,(aO, r,(l) = 1 and lim T q (x) = T(x), > 0. 
The third y-Bessel function (see jHlCS]) is given and denoted by M. E. H. Ismail 

as 

It verifies for a, /? reals (see jTH]) 

(16) ^(?V) = W;? 2 ), 

and we have the following orthogonality relation (see |16j ) 

oo 

(17) g 2k g n+mj n+k{x]q 2 )J m +k{x;q 2 ) = S n>m , \ x |< q~ l , n, m G Z. 

fc=— oo 

Moreover, if a > —1, we have (see jlj, [TH] ), 

f_„2. fl 2\ I „2(a+l) 2\ r ^ if !<! 

(y ; y )oo I y u °^ J if x > l. 

and 

(19) W G R, J a (x; y 2 ) = o(x~ Iy ) as x -> +oo in R Qi+ . 

The y-trigonometric functions y-cosine and y-sine are defined by ( see jS]): 

°° x 2n 
[24T 

and 



(20) 



cos(x; y 2 ) = m (o, y; y 2 , (1 - y) 2 x 2 ) = f^(-l) V (n ' 

^ / n=0 



1). 



(21) sin(x; y 2 ) = x m (o, y 3 ; y 2 , (1 - qfxA = f>l) n q n(n 

^ ' n=0 

Note that we have the relations 

(22) cos(x; y 2 ) = - s* J_i(^x; y 2 ) 

y(l + y- x )2 2 y 



™2n+l 
-1) X 



[2n + 1], 
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(23) sin(x; q 2 ) = T xhi (^— ^x; q 2 ) 
and they verify 

(24) D q cos(x; q 2 ) = — sin(gx; q 2 ) 
and 

(25) D q sin(x; q 2 ) = cos(x; q 2 ). 

3. q- Uncertainly principle 
We define the q- Fourier-cosine and the q- Fourier-sine as ( see [5, and |16j ) 

poo 

(26) F q {f)(x) =c q /(*) cos(xt; q 2 )d q t 

Jo 

and 

POO 

(27) q T{f) (x) = c q / f(t) sm(xt; q 2 )d q t, 

Jo 

where 

( 28 ) C 1 = r TTv • 

It was shown in 2J that jF g is an isomorphism of L 2 (R q)+ ) and we have T q x = T q 
and the following Plancherel formula: 

II W) ILHI/IU 

where L"(IRg i+ ) is the set of functions defined on IR qj+ such that / | f(t) \ n d q t < 

i 

oo 







oo, equipped with the norm || / || g , n = yj I f(t) |" d q t 
The g-Fourier-sine verifies the following properties. 
Proposition 2. For f 6 L*(IRg j+ ) ; we /jcrae 



4 VA 6 ^(/)(A) |< ^g^ . II / 

2) ton ,.F(/)(A) = 0. 

Proof. Using the inequality (see [Sj) 

| sin(x;g 2 ) |< / , aj G E ? , 
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we obtain 

| f(t)sm(Xt;q 2 ) \< — ^ | f(t) |, X,t eM, 
W) Doc 

Which gives, after integration, the first inequality and together with the Lebesgue 
theorem it gives the limit. ■ 

In the following proposition, we shall try to prove a Plancherel formula for the 
q- Fourier-sine transform. We begin by the following useful result: 

Lemma 1. For all x, y e we have 

f°° q 2 T 2 2 (-) 

(29) y/xy / sin(srt; q 2 ) sin(yt; q 2 )d q t = J 2 -5 XtV . 

Jo I 1 + 1 Jv 1 — 1) 

Proof. Let x = q n and y = q m , m, n G Z be two elements of The orthogonality 
relation (fTTj) leads to 

oo 

q 2k q n+m J n+k (qh ]q 2 )J m+k (q\ ]q 2 ) = 8 n>m , 

k=— oo 

which is equivalent to 

oo 
k=— oo 

Using the relation (J2HJ), we obtain 
Then 

^n^ ^ / sin (-^—q n t; q 2 ] sin ( -^—q m t; qA d q t = 5 n , m . 

<?r 2 2 m y Vi / \i-g / 



The change of variable u = j^-t gives 
(l + g-^l-g) n+2 



/■OO 

g 1 ^ / sin (q n t; q 2 ) sin (g m t; g 2 ) d q t = 5 n , r 
Jo 



Thus 

roo g2p2 n 



/oo g 1 2 ( ) 

sin (art; g 2 ) sin (yt; g 2 ) d q t = + g -i)(i - q) S *' v ' 
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Proposition 3. 1) For f e L 2 (R qt+ ), we have G Lg(R 9i+ ) and 



W) ||,,2= 9 II / 



1 9,2 



an isomorphism of L 2 (M q ^ + ) and ( q J-) 1 = — 9 JF. 
Proof. 1) For x G we have 

/•CO 

q^(f)( x ) = c q / f (t) sin(xt; q 2 )d q t 
Jo 

CO 

= c(l-g) £ g B /(? n ) sm(xg"; g 2 

n=— co 

So, for a; G 

oo 

(^(/)(x)) 2 = c 2 (l-g) 2 q 2n f 2 (q n )^ 2 (xq n ;q 2 ) 



n=— co 

CO 



+ cj(l-g) 2 g m+n /(g m )/(g n )sin(xg m ;g 2 )sin(a;g n ;g 2 ). 

n,m=— oo, n^m 

By integration, we obtain 



uqX 



poo poo 

/ {^{f){x)) 2 = cj(l-g) 2 / ^ g 2 V 2 (« n )sin 2 (xg-g 2 H 

^ 70 n=-oo 

poo 00 

+ c 2 (l-g) 2 / V g m+n /(g m )/(g n )sin(xg m ;g 2 )sin(xg n 

n,m=—oo,n^m 

The previous lemma, the relation ()18|) and Fubini's theorem imply that we can 
exchange the integral and the sum signs and we have: 

poo °° poo 

/ { q F{f){x)f d q x = c%l-q) 2 Q n f 2 (l n h n / sm 2 (xq n ;q 2 )d q x 

J n=-co J 

2 F 2 (1\ oo 

= c 2 (l-a) 2 9 2 V a n f 2 (a n ) 

v ' v ' n=— co 

/"CO 

= <? 2 / / 2 (*K*. 

^0 

2) Using the same arguments, we can see that for y G M g ,+, we have 

/"CO °° /"CO 

/ g-^(/)(2;)sin(a;?/;g 2 )dgX = c g (l - q) q n f(q n ) / sin(xg n ; q 2 ) sin(a;n; g 2 )d 9 x 

„ Jo 
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■ 

The following result gives a relation between the g-Fourier-cosine and the g-Fourier- 
sine. 

Lemma 2. For f G L q (R q + ) such that D q f G L q (R q+ ), we have: 
1) 

(30) q HD q f){\) = -faf) Q) ' A e R ^+- 
2) Additionally, if f(Q) = then 

(31) r q {D q f){\) = A q F(f)(X), AGl 9 , + . 

Proof. Since / is in Lj(R ?!+ ) then for all A G /(£) sin(At; g 2 ) and f(t) sin(At; g 2 ) 
tend to as t tends to oo. So by g-integrations by parts, we obtain 



oo 



q F{D q f){\) = c q I D q f(t)sm(Xt;q 2 )d q t 
Jo 

POO 

= -c q / Xf(qt)cos(Xt;q 2 )d q t 
Jo 



(- 

q \q 



and 



POO 

T q {D q f){\) = c q D q f(t)cos(Xt;q 2 )d q t 
Jo 
c C°° 

= ~ / Xf(qt)sm(qXt;q 2 )d q t 
Q Jo 



4 ^(/)(A) 



Now, we are in a situation to state a g-analogues of the Heisinberg uncertainty 
principle. 

Theorem 1. Let f be in L 2 (M 9i+ ) such that D q f is in L 2 (R q ^ + ). Then 

(32) Qrv i /(*) i 2 d qt y 2 (j\ 2 1 r q {f){x) i 2 d qX y 2 > ii / n 2 2 
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Proof. First, using the previous lemma and Proposition El we have 

/*°° r°° \ \ 

/ \ 2 \ F q (f)(\) \ 2 d q \ = 1/q |%)(-) | 2 d 9 A 
Jo Jo Q Q 

poo 

= 1/q / | q F(D g f)(\) \ 2 d q X 
Jo 

pOO 

= q | D q f(t) | 2 d q t. 
Jo 

The relation 

D q (fJ)(t) = D q f(t)J + f(qt)DJ(t) 

leads to 



tD q (ff)(t)d q t 



o 





POO 


< 


Jo 



tD q f(t)f(t)\d q t + / \tf(qt)D g f(t)\d q t 



H v 1 / \ V J Vi^l^qJ V) | 


oo \ 1/2 / ^.oo \ 1/2 

< | / |t7W| 2 ^J (jf |^/(*)| 2 d 9 * 

oo \ 1/2 / poo \ 1/2 

\tf(qt)\ 2 d q tj (J \D q J\ 2 d q t 



l ~q^) (/ ° t2 |^*)| 2 ^) 1 2 (J™ x 2 \^(f)(x)\ 2 d g x 

On the other hand, since / is in L 2 (R g + ) then t|/(t)| 2 tends to as t tends to oo in 
M. g>+ . So by g-integration by parts, we obtain 

POO POO POO 

/ tD q (fJ)(t)d q t = - \f(qt)\ 2 d q t = -l/q \f(t)\ 2 d q t. 
Jo Jo Jo 

Finally 

f-oo \ 1/2 / ,>oo \ 1/2 

t 2 \f(t)\ 2 d q tj ^jf ^|^(/)(x)| 2 d 9 xj >^-||/|| 2 , 2 . 



Theorem 2. Lei / 6e in L 2 (R qt+ ) such that D q f is in L 2 (R qt+ ) and f(0) = 0. Then 



Similarly, we have an uncertainty principle for the g-Fourier-sine transform. 

j 2 (R q<+ ) such that D q f is in L 2 (R 9i+ 

1/2 / f00 \ 1/2 

> 

q^ + 1 



(33) (J™t 2 \f(t)\ 2 d q ?) (J™ \ 2 \ q F(f)(\) \ 2 d^ >-3^||/|| 2 2 . 
Proof. Owing to Lemma El and the Plancherel formula, we have 



POO POO 

/ A 2 I q F{f){\)\ 2 d q \ = q 4 | J 7 q {D q f)(X) \ 2 d q X 
Jo Jo 

poo 

= q* / | D q f(t) | 2 d q t. 
Jo 
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Using the same steps of the previous proof, we have 



-oo / poo \ 1/2 / poo \ 1/2 

l/<l I \f(t)\%t < (J \tf(t)\ 2 d q t) (J \D q f(t)\ 2 d q t 

(roo \ 1/2 / poo _ \ 1/2 

J \tf(qt)\ 2 d q t) (J \D q f\ d q t 

-3/2 / poo \ 1/2 / poo \ 1/2 

U t 2 \f(t)\ 2 d q tj U X 2 \ q JF(/)(A) | 2 d q Xj 



1 + q 



q 2 

Remark. Note that when q tends to 1, the inequalities ()32j) and ()33|) tend at least 
formally to the corresponding classical ones. 

4. Uncertainty Principle in Hilbert space 

For A and B operators on a Hilbert space H, with domains D(A) and D(B) 
respectively, we note 

[A, B] = AB - BA and [A,B] q = qAB - BA. The commutator [A, B] and the 
q— commutator [A, B] q are both defined on D[A,B] = D{AB) H D(BA), where 
D{AB) = {u e D(B) : Bu G D(A)} and likewise for D{BA). Let us begin by the 
following well-known result: 

Lemma 3. (Cauchy-Schwarz's inequality) For x and y in the Hilbert space H the 
following inequality 

(34) | < x, y > | <|| x || || y \\ 
holds. 

Using this lemma, one can prove easily the following proposition, which gives the 
uncertainty principle for normal operators. 

Proposition 4. For s > 0, note [A, B] s = sAB — BA. If A and B are operators 
on the Hilbert space H , then for all u G D[A,B], we have 

(35) || Au (HI B*u || +s || Bu |||| A*u ||> < [A,B] s u,u > |. 
In addition, if A and B are normal on H , we obtain 

(36) || Au UK Bu ||> y^—\ < [A,B] s u,u > |. 

Proof. For s > 0, using the lemma we have , and u G D([A, B}) 

| < (sAB - BA)u, u > | = \s < ABu, u > - < BAu, u > | 

= \s < Bu, A*u > - < Au, B*u > | 

< \s < Bu, A*u > | + | < Au, B*u > | 

< s II Bu INI A*u || + || Au \\\\ B*u || . 
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Additionally, if the operators A and B are normal, we obtain 

| < (sAB - BA)u, u > | < (1 + s) || Au \\ \\ Bu \\ . 



Now, take H = {/ G L 2 q (R q , + ) : f(0) = 0}, A : /(x) h- x/(x), 5 : /(x) h- iD,/(a;) 
and C : /(x) i— > iD q f{x). A is self-adjoint on H, B* = C ( according to (fTTjO and 

D[A, B] = D[yi, C] — {f e H : xf, DJ G L 2 q (R q>+ }. 

For all f e D[A, B], we have 

[AB]J(z) = -i/(i) 

and 

[A,C\f(x) = -iq- 1 f(q- 1 x). 
So, for all / G DL4, B], we have 



(37) ||/f g)2 < (\\D+f\\ q>2 +q\\DJ\\ q>2 )y\ 2 \f(x)\%x^ 

1 4- a 3 / 2 f r°° \ 1/2 

(38) = || IV || fl>a (jf ^1/(^)1 V 

and 
(39) 



1/2 



f(x)f(qx)d q x 



< (|| B>+/ ||,, 2 + || |U (j™ x 2 \f{x)\%x\ 



1/2 



1 



(40) = (i + ^) i|ivn g>2 (/ ^l/(^)r^ 



OO 



1/2 



(/•oo \ 1/2 

/ A 2 1 J cr g(/) (A) | 2 c? g A ) , one 

can see that (pTTJl is exactly (jH2Jl- 
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